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Abstract. The n-dimensional p-filiform Leibniz algebras of maximum length 
have already been studied with < p < 2. For Lie algebras whose nilindcx is 
equal to n — 2 there is only one characteristic sequence, (n — 2, 1, 1), while in 
Leibniz theory we obtain two possibilities: (n — 2, 1, 1) and (n — 2,2). The first 
case (the 2-filiform case) is already known. The present paper deals with the 
second case, i.e., quasi-filiform non Lie Leibniz algebras of maximum length. 
Therefore this work completes the study of maximum length of Leibniz algebras 
with nilindcx n — p with < p < 2. 
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1. Introduction 

The notion of length of a Lie algebra was introduced by Gomez, Jimenez-Merchan 
and Reyes in |10| . In this work they distinguished a very interesting family: algebras 
admitting a graduation with the greatest possible number of non-zero subspaces, 
the so-called algebras of maximum length. 

Leibniz algebras appear as a natural generalization of Lie algebras (Loday, [T2] 
and [13]) and the concept of length can be defined in a similar way in this setting. 
It is therefore expected that Leibniz algebras of maximum length will play a similar 
role to the Lie case. The cohomological properties of Leibniz algebras have been 
widely studied (see for example [7]- [9] and [33]). A remarkable fact of the algebras 
of maximum length is the relative simplicity of the study of these properties [5]. 

The study of the classification of non associative nilpotent Lie algebras is too 
complex. In fact, it appeared two centuries ago and it still remains unsolved. As to 
Leibniz algebras the problem is analogous thus we will restrict our attention to two 
important families of Leibniz algebras: p-filiform and quasi-filiform (see Definitions 
OlandOl). 

The classification of filiform and 2-filiform Lie algebras of maximum length is 
given in [10] and [11] (note that in this case there are no null-filiform algebras 
and the concepts of 2-filiform and quasi- filiform agree). In a Leibniz setting, the 
null- filiform case was studied in [I], whereas the cases filiform and 2-filiform are 
developed in [2], 

We will focus our attention on quasi-filiform Leibniz algebras. Let C be an n- 
dimensional quasi-filiform non Lie Leibniz algebra, then its characteristic sequence 
is (n — 2, 1, 1) or (n — 2, 2). The first case (the 2-filiform case) has been dealt with 
in [2]. In this work we consider the second case, i.e., algebras with characteristic 
sequence (n — 2, 2) . Our main goal is to complete the study of algebras of maximum 
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length with nilindex n — 2. For the study of these algebras we extend the naturally 
graded quasi-filiform Leibniz algebras and we prove that if we consider the extension 
of naturally graded quasi-filiform Lie algebras then we obtain Lie algebras. 

Our main results (see Theorems 13.11 and 13.21 for the precise statement) will be 
proved in Section 3 and the following definitons will be used throughtout the present 
paper: 

Definition 1.1. An algebra C over a field F is called Leibniz algebra if it verifies 
the Leibniz identity: [x,[y,z]] = [[x,y],z] — [[x,z],y] for any elements x,y,z G C 
and where [,] is the multiplication in C. 

Note that if in C the identity [x, x] = holds, then the Leibniz identity coincides 
with the Jacobi identity. Thus, Leibniz algebras are a generalization of Lie algebras. 
For a given Leibniz algebra C we defined the following sequence: C 1 = C and 
C k+1 = [C , £]. From now on we will consider the complex number field. Let C be 
a nilpotent algebra for which the index of nilpotency is equal to k. Let us define 
the naturally graded algebras as follows: 

Definition 1.2. Let us take Ci = C 1 / C l+1 , 1 < i < n — k — 1 and grC — C\ © £2 © 
■ ■ •©£&. Then [£j,£j] C Ci+j and we obtain the graded algebra grC. If grC and C 
are isomorphic, in notation grC = C, we say that C is a naturally graded algebra. 

The above constructed graduation is called natural graduation. 

The set R(C) = {x 6 £ : [y, x] — 0, G £} is called the right annihilator of C. 
Note that for any x,y G £ the elements [x,x] and [x,y] + [y,x] are in R(C). 

The set Cent(C) = {z £ C : [x, z] = [z,x] — 0, \fx G £} is called the center of C. 
Note that R(C) is an ideal of C. 

We define the set 1(C) =< [x, x] : Vx G C >. Note that 1(C) is an ideal of C. 

Let a; be a nilpotent element of the set C\C 2 . For the nilpotent operator of rigth 
multiplication R x we define a decreasing sequence C(x) = (ni,ri2, . . . , rife), which 
consists of the dimensions of Jordan blocks of the operator R x . In the set of such 
sequences we consider the lexicographic order, that is, C(x) = (m, ri2, ■ ■ ■ , nu) < 
C(y) = (mi, JTI2, ■ ■ • , m s ) ■<=>• there exists i G N such that nj = rrij for any j < i 
and Hi < mi. 

Definition 1.3. The sequence C(C) = rnaxC(x) x ^c\c 2 * s called characteristic 
sequence of the algebra C. 

Example 1.1. If C(C) = (1, 1, . . . , 1), then evidently, the algebra C is abelian. 

Let C be an n-dimensional nilpotent Leibniz algebra and p a non negative integer 
(p < n). 

Definition 1.4. The Leibniz algebra C is called p-filiform ifC(C) = (n—p, 1, . . . , 1). 

p 

If p = 1, C is called filiform algebra and if p = null-filiform algebra. 

Definition 1.5. A Leibniz algebra C is called quasi-filiform if its nilindex is equal 
to n — 2, namely, C n ~ 2 ^ {0} and C n ~ 1 = {0}, where n — dim(C). 

A Leibniz algebra C is Z-graded if C = (Bi^zVi, where [K,Vj] C Vi + j for any 
i,j G Z with a finite number of non null spaces V$. 

We will say that a nilpotent Leibniz algebra C admits the connected graduation 
C = V kl 8 • • • © V kt if V ki + for any i (1 < i < t). 
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Definition 1.6. The number l((BC) — l(Vk ± © • • • © T4 t ) = kt — ki + 1 is called the 
length of graduation. A graduation is called of maximum length ifl(oC) — dim(C). 

We define the length of an algebra C by 
1(C) = max{l(®C) such that C — Vk 1 © • • ■ © 14 t is a connected graduation}. 

Definition 1.7. A Leibniz algebra C is called of maximum length if 1(C) — dim(C). 



2. Naturally graded quasi-filiform Leibniz algebras 

The following theorem gives the classification of naturally graded n-dimensinal 
quasi- filiform Lie algebras (see [6]). 

Theorem 2.1. Let g be a complex n-dimensional naturally graded quasi- filiform 
Lie algebra. Then there exists a basis {xo, xi, . . . , x n -2, y} of q, such that the mul- 
tiplication in the algebra has the following form: 

L(n,r) (n > 5, 3 < r < 2[^-\ - 1, r odd) : Q(n,r)(n > 7, n odd,?, < r < n - 4, r odd) 



[xo, Xi] = Xi+i, l<i<n — 3 

- j 

2 



x i ,x r -i] = (-l) i - 1 y, l<i< r " 1 




r(n, n — 3) (n > 6, n enen) : 



[a;o,a;i] = asi+i, l<i<n — 3 
[x„_i,xi] = (n ~ 4) i„_2, 

[a*, a;„- 3 -i] = (-l) i_1 (a;„-3 + 1 < i < ^ 

[Xi,a;n-a-i] = (-l)'- 1 ( "~ 2 2 ~ 2 ' ) ^-2, 1 < i < ^ 



r(n, n — 4) (n > 7, n oa 



^(9,5) 



[xo, £i] = 1 < i < n — 3 

[x n -i,Xi] = ( ""~ 5) x n -4+», 1 < i < 2 
[x,,x„_ 4 _i] = (-l) !_1 (x n _ 4 +x n -x), l<i< n " 

[Xi,Xn-S-i] = (-iy- l in -\- 2i) X n -3, l<i< 



2 

re — 5 
2 



-2-,] = (-l)'(i - l) { -^^x n -2, 2<i< 



re — 3 
2 



e(7,3) : 

[xo,a;j] = ajj + i, 

= x l+3 , 
[xi,X2] =x 3 + y, 



1 < i < 3 
1 < i < 2 



3 < i < 4 



e 2 (9,5) 



[x ,Xij 

[&/>&<] = 
[xi, X4 

[X1,X5 
[X1,X6 
[X2,X 3 
[x 2 ,X4 
\X2,X5 



= Xi+l, 
= 2x i+5 , 
= x 5 + y, 
= 2x 6 , 
= 3x 7 , 
= -a>s - y, 
= -^6, 
= -3:7. 



1 < i < 5 
1 < i < 2 



[x ,Xi] = Xi+l, 

[y,Xi] = 2x l+5 , 
[xi,X4] — x 5 + y, 
[xi,X5\ = 2x 6 , 
[xi,x 6 ] = x 7 , 
[x 2 ,X 3 ] = -X5 - y, 
[x 2 ,x 4 ] = — x 6 , 

[x 2 ,X 5 ] = X 7 , 
[X 3 ,X4] = -2x 7 . 



1 < i < 5 
1 < i < 2 
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L„_i ©C (n > 4) : 

{ [xo,xi\ =Xi+i, l<i<n 



Qn- 



(n > 7, n odd) 



[X ,Xi\ = Xi+i, 
[Xi,X n -2-i] = ( — l) 1 



1 < i < n — 3, 
1 < i < ^r 2 - 



Let £ be an n-dimensional (n > 6) naturally graded quasi-filiform non Lie Leibniz 
algebra which has the characteristic sequence (n — 2, 1 , 1) or (n — 2, 2). The first case 
(case 2-filiform) has been studied in [J] and the second in [2]. In this work, we will 
extend this study so we will consider every Leibniz algebras with C(C) = (n — 2, 2). 

From the definition of the characteristic sequence it follows the existence of a 
basis element ei £ £\£ 2 such that the operator of right multiplication R ei has one 
of the following forms: 



Jn-2 








J 2 



J 2 








Jn-2 



A quasi-filiform Leibniz algebra is called of the type I if the operator R ei is like 
the first matrix and of the type II in another case. 

In the following theorems we summarize the results obtained in [3]. 

Theorem 2.2. Let 21 be a naturally graded Leibniz algebra of the first type. Then 
it is isomorphic to one algebra of the following pairwise non isomorphic families: 



St 1 



[Vi,Vi] = Vi+i, 1 < i < n - 3 

[y n -x,yi] = y n , 
\yi,Vn-i] = Xy n - 



'[yi,yi]=yi+i< i<i<n-i 
[vn-\,yi] = y n , 

[yi,y n -i] = \y n , A £ {0, 1} 
Ayn-i,y n -i] = y n - 



21 



2l 4 



21' 



[yi,yi] = Vi+u 1 < i < n - 3 
[y n -i,yi] =y n +y2-, 
,[yi,yn-i] = Xy n , Ae{-i,o, i}. 



[yi,yi] = yi+i, i<i<n~ 
[yn-i,yi] = y n + y2, 
[yn-i,y n -i] = Xy„, X ^ o. 



2l 6 



'b/i,Vi] = Vi+i, 1 < i < n - 3 
[j/n-i,yi] = yn + y2, 

[yi,Vn-i] = Xy n , (X,n) = (1, 1) or (2,4) 



1 < i < n 



[yi,yi] = j/t+i! 
[2/1,2/n-i] = -y™, 

[j/n-l,yn-l] = 2/2, 
k [j/n-l,J/n] = y3- 

Theorem 2.3. Lei 2t fee a naturally graded Leibniz algebra of the second type. Then 
it is isomorphic to one algebra of the following pairwise non isomorphic families: 
n even 



21 1 



= 2/2, 

[Vi,yi] = 2/»+i, 3<i<?i-l 
,[2/i,2/i] = -2/i+i, 3 < i < n - 1. 



2l 2 : 




'[#1,2/1] 


= 2/2, 


[2/i,2/l] 


= 3 < i < n - 1 


[2/1,2/3] 


= 2/2 - 2/4, 


. [2/1, 2/j] 


= -2/j+i, 4<j<n- 
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a 3 : 

'[yi,yi] = 2/2, 

[Vi,yi] = Vi+i, 3<i<n-l 

[2/3,2/3] = y2, 

. [yi,Vi] = -Vi+i, 3<i<n-l. 
n odd, 2t\2l 2 ,2l 3 ,2l 4 



a 4 : 

[2/l,2/l] = 1/2, 

[yu yi] = yi+i, 3<i<n-i 

< [2/1,2/3] = 2j/ 2 - 2/4, 
[2/3,2/3] = 2/2, 
. [2/1,2/j] = -2/j+i, 4 < j < n - 1. 



a 5 : 

'[2/i,2/i] = 2/2, 

[yi, yi] = 2/i+i, 3 < i < n - 1 
[2/i,2/i] = -2/i+i, 4<i<n-l 
.[2/i,2/n+2-i] = (-l) ! 2/n, 3<i<ra-l. 



a 6 - A : 

[2/l,2/l] = 2/2, 

[2/i,2/i] = 2/i+i, 3 < i < n - 1 
< [2/1,2/3] = At/2 -2/4, A e {1,2} 
[2/1, 2/j] = -2/i+i, 4<j<n-l 
j2/i,2/n+2-i] = (-l) l 2/n, 3 < 1 < 71 - 1. 



a 7 - A : 
[2/1,2/1] = 2/2, 

[2/i,2/l] = 2/i+i, 3<i<n-l 
< [2/3,2/3] = Aj/2, A ^ 
[2/i,2/i] = -2/i+i, 3<i<n-l 
j2/i,2/n+2-i] = (-l) ! yn, 3<i<n-l. 



'[2/1,2/1] = 2/2, 

[2/*,2/i] = 2/»+i, 3 < i < n - 1 
[2/1,2/3] = Ay 2 - 2/4, 

[2/3,2/3] = M2/2, 

[2/1, 2/j] = -2/i+i, 4<j<n-l 
j2/i,2/«+2-i] = (~l) l yn, 3<z<n-l. 
to^(A,m) = (-2,1),(2,1) or (4,2) 



The study of Leibniz algebras of maximum length can be simplified by following 
the reasoning in the proof of theorems 12.21 and 12.31 see [3] . The next proposition 
gives the structure of a naturally graded n-dimcnsional Leibniz algebra: 



Proposition 2.1. Let C be a naturally graded quasi-filiform Leibniz algebra, then 
it is isomorphic to one algebra of the pairwise non isomorphic families: 



NG1 



[ei,ei] 


= e 2 , 




[ei,ei] 


= e i+l, 


3 < i < n - 1 


< [ei,e 3 ] 


— Ae 2 — e 4 , 




[e3,e 3 ] 


= 1^2, 


A, fieC 


Jei,e,] 


= — 


4 < i < n - 1 



NG2 : 

'[ei,ei] 
[ej,ei] = 
[ei,e 3 ] 
[e 3 ,e 3 ] 
[ei,ei] = 



: e 2 , 

: Ae 2 — 
: ^e 2 , 
-e i+ i 



e 4 , 



, [e*, e„ +2 -j] = (-l) l e„, 



3 < i < n - 1 

A, /ieC 

4 < i < n - 1 
3 < i < n- 1. 
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NG3 : 



NGA : 



eij = e i+ i, 
[e„-i, ei] = e„ + ae 2 , 
[ei,e n _i] = /3e n , 



1 < i < n 



a, ft T£ 



[ei, eij = e i+ i, 

[&n — 1) ^l] f-ni 

[ei,e n _i] — e n: 
[en-li 6n-l] = e 2, 

[e„_i, e„] = e 3 . 



1 < i < n - 3 



where NG1 and NG2 correspond to algebras of the type II and NG3 and NG4 to 
algebras of the type I. 

3. Quasi-filiform Leibniz algebras of maximum lenght 

Let C be an n-dimensional {n > 6) quasi-filiform non Lie Leibniz algebra with 
the characteristic sequence (n — 2, 2). The proposition 13.11 shows a structure of these 
algebras and requires the previous result. 

Proposition 3.1. Let C be an n-dimensional quasi-filiform Leibniz algebra. Then 
C is isomorphic to one algebra of the following pairwise non isomorphic families: 



NG1 



[ei, eij = e 2 , 

[e,, ei] = ej+i, 3 < i < n - 1 

[ei, e 3 ] = Ae 2 - e 4 + u„e n , 

[e 3 , e 3 ] = ue-z + 7 n e„, 

[ei, ei] = -e i+ i + 7i,„e n , 4 < i < n - 1 

[ei, e,-] = (*)ei+i-i + (*)e* +J + ■ ■ ■ + (*)e„, V(i, j) / (1, 1), (1, 3), (3, 3), (3, 1), (i, 1), (1, ») 
[e2,ej] = 2ie n , i^2,n. 



NG2 



[ei,ei] = e 2 + a„e„, 

[ei, ei] = ej+i, 3 < i < n - 1 

[ei, e 3 ] = Ae 2 - e 4 + (*)e„, 

[e3,e 3 ] = M £ 2 + (*)e„, 

[ei, = -e i+ i + (*)e„, 4 < i < n - 1 

[ej, en+z-i] = (-l) n e„, 3 < i < n - 1 

[ e< , e,-] = We^-i + • • • + (*)e„, V(i, j) ?4 (1, 1), (1, 3), (3, 3), (3, 1), (k,n + 2 - k) 

3 < fe < n- 1. 



iVG3 : 



, ei] = ei+i + (*)e 4+2 H h (*)e„_ 2 , 1 < i < n - 3 

e„_i, ei] = e n + ae 2 + (*)e 3 H h (*)e n _ 2 , 

ei, e„_i] = Pe„ + (*)e 3 H h (*)e n _ 2 , 

e„_i,e„_i] = 7e n + (*)e 3 H + (*)e„_ 2 , 

e i5 e n _i] = (*)e l+2 H h (*)e n _ 2 , 2 < i < n - 3 

e n ,e n _i] = (*)e 4 H h (*)e„_ 2 . 
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NG4 



et, ei] = e i+ i + (*)e i+2 H + (*)e n _ 2 , 

e„-i, ei] = e n + (*)e 3 H h (*)e n _ 2 , 

ei, e n _i] = -e„ + (*)e 3 H h (*)e„_ 2 , 

e„_i, e„_i] = e 2 + (*)e 3 H h (*)e„_ 2 , 

e„_i, e n ] = e 3 + (*)e 4 H h (*)e n _ 2 , 

e^.ej] = (*)ei+j+i H h (*)e„, 

ei,e„_i] = (*)e i+2 H h (*)e„_ 2 , 

e„,e„_i] = (*)e 4 H h (*)e n _ 2 , 

ej,e„] = (*)es H h (*)e„_ 2 , 

ei, = (*)e i+3 H h (*)e n _ 2 , 

e n ,e n ] = (*)eg H h (*)e n _ 2 . 



1 < z < n 



2 < «, j < n - 2 
2 < i < n - 2 

j = 2, 5 

i = 1 A 3 < i < n 



where the asterisks (*) denote appropiate coefficients at the basis elements. 

Proof. These families are obtained from the structure of the naturally graded quasi- 
filiform Leibniz algebras (see Proposition 12. ip considering its natural graduations. 

□ 

Since the study on quasi-filiform Lie algebras of maximum length has been done 
in [10], we shall restrict ourselves to Leibniz algebras which are non Lie. Moreover, 
the classification of 2-filiform Leibniz algebras of maximum length is given in [2]. 
Thus, the following results close the study of maximum length for Leibniz algebras 
with nilindex n — 2, where n is the dimension of C and verified n > 6. 

Theorem 3.1. Let C be an n- dimensional quasi-filiform non Lie Leibniz algebra 
of maximum length of the type I. Then the algebra C is isomorphic to one algebra 
of the following pairwise non isomorphic families: 



M 1 ' 5 : 



M 2 ' x : 



1 < i < n 



[yi,yi] = Vn, 

[y n -i,yi] = V2, 

[yi,Vi] = Vi+i, 2 < i < n - 3 

[y n -i,y n -i] = hj4, S e {0,1} 

[yuVn-i] = Sy 3 +i, 2<i<n-5. 

, e„ > be the basis used in proposition 13. II We can consider 



[Vi,yi] = Vi+i 

[y n -i,yi] = y n , 
[y\,y n -\\ = Ay„, Ae 



Proof. Let < ei, ei, 
the following cases: 
Case 1: Let e„ ^ R(£) be. 

In this cases we have the family NG4, where {e2, ea, . . . , e n -i\ C R(NG4). 

In order to study the length of the algebras from the family NG4, let us take 



Xi 



^ bkek, where a n _i6i / 1 

k=l;k=£n-l 



and 



[x s ,x s ] = (1 + a 2 n _ 1 )e 2 + (*)e 3 H h (*)e„, 

[x t ,x t ] = (1 + &?)e 2 + (*)e 3 + • • • + (*)e„, 
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[xt,x 3 ] = (h + a„-i)e 2 + (*)e 3 H h (*)e„_i + (1 - a n -ih)e n , 

[x s ,x t ] = (bi + a„_i)e 2 + (*)e 3 H h (*)e„_i + (a„_i&i - l)e„. 

We will assume two subcases: 
Subcase 1.1: If 1 + c? n _\ ^ 0. Let us consider 

[[x s ,x s },x s ], ...,x s ] = (1 + a 2 n _ 1 )e i + (*)e i+ i H h (*)e„ 

V v ' 

i times 

and the new basis {j/i, . . . , j/ n }, denned as: 

yi=x s , yi = [yi-i,x s ], with 2 < i < n - 2, y n _i = x t , y n = [x s ,x t ] 

with the graduation of maximum length: Vk 3 © V 2 k s © • • • © V(„_ 2 )fe s © ^4 t © Vfc s+/ t t . 
This basis verifies the following product: 

bi, J/i] = y»+i, 1 < i < n - 3 

[vi,y n -i] = y n - 

Furthermore, 

y n £R{NGA), [yi,y n _i] + [y n -i,yi] G R(NGA), and [y n _ u Vl ] = Ay n 

then A = — 1. Let us check the others products. 
We shall consider 

[y n -i,y\] = [xt,x s ] = (h + a„_i)e 2 + (*)e 3 H h (*)e„_i + (1 - &ia n _i)e„, 

[yi, 2/n-i] = [ar s , art] = (&i + a n -i)e 2 + (*)e 3 H h (*)e„_i + (6iO n _i - l)e„, 

L 2/n-l,S/l] = -[j/l,J/n-l], 

therefore &i = — a n -\. 

From a„_i = —b\ and a„_i&i 7^ 1, one has a^-t 7^ — 1, and so [y n _i,y n ] = 

= -( a n-i + !) e 3 + (*) e 4 H 1- (*)e„ is obtained. Hence [y n -i,y n ] = By 3 where 

B^O. Therefore 

[y n -i,y n ] = By 3 , B^O, 
< [y n -i,y n ] Q v 2 k t +k s , 
k 2/3 c v 3fcs . 

Thus, we prove that k s = k t , which is a contradiction of the definition of maxi- 
mum length. 

Subcase 1.2: If 1 + a\_ x = 0. Since 

[x t ,x s ] = (h + a„_i)e 2 + (*)e 3 H h (*)e„_i + (1 - bia n -i)e n = Ay„ / 0, 

[ar 5 , ar t ] = (61 + a„_i)e 2 + (*)e 3 H h (*)e„_i + (Mn-i - l)e„ = j/„ 7^ 0, 

[art,ar 5 ] + [ar s ,ar t ] G R(NGA), 

and by the property of maximum length we have (-4+ = 0, i.e, A = — 1, hence 
61 = — a„_i and a„_i&i 7^ 1, it implies that a^_! 7^ —1. But it is a contradiction 
of the hypothesis 1 + a^ l _ 1 = 0. 

Thus, we can conclude the algebra NGA does not have maximum length. 

Case 2: Let e„ G R{C) be. 

In this case we have the family NG3 7 where {e 2 , e 3 , . . . , e„_ 2 , e„} C R(NG3). 
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Let us take the previous basis, we have the products: 

[x s ,x s ] = (1 + a„_ia)e 2 + (*)e 3 H h (*)e„_ 2 + (a«-i/9 + a«-i + in-i7) e ' 

[x t , x t ] = (6? + bia)e 2 + (*)e 3 H h (*)e n _ 2 + (bi + + j)e„, 

I [x t , x s ] = (bi + a)e 2 + (*)e 3 H h (*)e n _ 2 + (1 + bia n -i/3 + a n _i7)e n , 

> \ [x s ,x t ] = (bi + a n _ibia)e 2 + (*)e 3 H h (*)e n _ 2 + (6iO„_i + /? + a„_i7)e, 

[[x s ,x s ],x s ]..., x s ] = (1 + a n _iQ)ei + (*)e»+i H h (*)e n _ 2 . 



Subcase 2.1: If 1 + a„-ia = 0. 

If bi (bi+a) ^ 0, then in a similar way to previous cases, we can prove that there is 
not any algebra of maximum length. Therefore we shall assume that b\ (b\+a) = 0. 

Note that indeed if b\ + a — 0, then we will have 1 + a n _\a = and hence 
a n-i^i = 1) which would be impossible. Therefore b\ — 0. In this case we obtain 

[x s ,x s ] = (*)e 3 H h (*)e„_ 2 + {a n -iP + a n -i + <4-i7)e n , 

[x t , x t ] = (*)e 3 H h (*)e„_ 2 + 7 e n, 

[a; t , x s ] = ae 2 + (*)e 3 H h (*)e„_ 2 + (1 + a n _i7)e„, 

[x s ,a; t ] = (*)e 3 H h (*)e n _ 2 + (/3 + a„_i7)e„, 

[[[a; t ,a; a ],a; s ], ...,x s ] = ae, + (*)e i+ i H h (*)e n _ 2 , 3 < i < n - 2. 

S v ' 

(i-i)-times 

Since [x s , x t ] — D[x t ,x s ], it implies that Da = as a ^ we have D = 0. Thus, 
/3 + a„_i7 = is achieved and [yi,y„_i] = 0. 

Put j/i = ir s , y 2 = [zt,z 5 ], 2/n-i = £t, J/i = [2/i-i,2/i] with 3 < i < n - 2 and 

Vn = [2/1,2/1]- 

This basis has the following graduation of maximum length: V ks © V kt+ks © 
V kt+2ks © • • • © V kt+{n _ 3)ks © Vfc, © F 2 fc s • 

We have that [y n -i, y n -i] = [xt,x t ] = (*)e 3 + ••• + (*)e„_ 2 + 7 e « = Ay m , 
where m ^ {l,2,n — 1}. On the other hand [y n -i, Vn-i] £ ^2fef Therefore 2k t £ 
{2fc s , k t + (m — l)k s } with 3 < m < n — 2. If 2k t — 2k s then this is a contradiction 
of the definition of maximum length. As y m = ae m + (*)e TO+ i + • • • + (*)e„_ 2 with 
3 < m < n — 2 then 7 = 0. Hence the form (3 + a„_i7 = 0, we get ,8 = 0. 

The cases m = 3 and 5 < m < n — 3 are impossible considering the connectedness 
of the graduation of maximum length. Thus let us see m = 4 and m = n — 2. 

Let m = n — 2, and n > 6. It is impossible to find a connected graduation of 
maximum length. If n = 6, then we have m = 4. 

Let m = 4. We have [2/n-i, 2/n-i] = ^2/4 an d by using the Leibniz identity 
[j/ii yn-i] = fyi+i with 2 < i < n — 5 and [y n , y n -i] = are achieved. 

In order to find the table of multiplications of the algebra it is enough to show 
[y n ,yi] since {y 2 ,y 3 , • • -,yn-2,y n } C and y„_ 2 G Cent(C). By the construc- 
tion, [y n ,2/i] = (1 + fln-i«)e3 + (*)e4 + h (*)e„_ 2 . As 1 + a n _i« ^ it implies 

that [y n ,yi] = Bys. Hence, by the properties of the graduation, k t — k s which is a 
contradiction of the definition of maximum length. Thus [y n ,yi] = 0. 

Note that if 5 ^ 0, we can consider i5 = 1 using an easy change of basis. Therefore, 
the algebra M 1 ' 5 with S = or S = 1 is achieved. M 1 ' and M 1 ' 1 are non isomorphic 
because dim(R(M 1,0 )) ^ dim{R{M 1 ' 1 )). 
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To sec its maximum length it is enough to consider the graduation V\ © V 2 © • • • © 
®V n , where V\ =< yi >, V 2 =< y n >, V 3 =< y n -i > and Vi =< yi-2 > with 
4 < i < n. 

Subcase 2.2: If 1 + a n ^a + 1 0. 

Using the multiplications of (1) we can distinguish the following cases: 

1) if 61+61^+7^0 a det ( 1 + x: an - i r;s+;"- 17 ) * ° 

Since the determinant is not equal to zero, we have that [x s ,x s ] and [x t ,x t ] 
are linearly independent. We define a new basis: y\ — x Sl yi = [j/i_i,j/i] with 
2 < i < n — 2, y n -i — x t and y n = [x t ,x t ]. Making the following graduation: 
V ks © V 2ks © • • • © V(„_ 2 )fe s © V kt © V 2kt and if + 1 then we have that 

[x t ,x s ] G V kt+ks &xvlk t +k s g {k s ,k t ,2k s ,2k t }. It implies [x t ,x s ] = Ay m with A ^ 
and 3<m<n — 2^k t = (m — l)k s . If fc^ > then 2k s < k t < (n — 2)k s and that 
is a contradiction. Thus, = hence bi+a = and l + a n _i6i/3 + a„_i7 = 0. 

Analogously for [x s ,Xt], we have 61 + a„_i6ia: = and a„_i6i + (3 + a„_i7 = 0. 

We have 61 = a = 0, /3 = 1, a„_i7 + 1 0. We know that {y 2 , ■ ■ ■ ,y n -2,y n } *!= 
R(NG3) and the products [yi,yi] = yt+i with 1 < i < n - 3 and [y 

n—li yn — lj — 

y„. Using the properties of the graduation [y„_i,j/i], [yi,y„-i] and [y„,y„-i] arc 
obtained and it is archived that there is not any Leibniz algebras of maximum 
length. 

2) If a„_i6i+/3+a„_i 7 ^ A det ( , J + a - ia . ^ 1/? + a x + <£_ l7 \ 
7 y bi(l + a n _ia) bia n _i + /? + a n _i7 y 

then we can take the basis {j/i, . . . ,y n }, defined as: y\ = x Sl yi = , j/i] , with 

2 < i < n — 2, y rl -i = x t , and y n — [j/i,j/ n -i]i and its graduation of maximum 

length: V fes © y 2fcs © • • • © V {n - 2)ks © Vfc t © V kt+ks . 

Since the determinant does not vanish, we get (i + a„_i 7 + 1 0. Therefore, {e 2 , 
■ • • , e„_ 2 , e„} C R(C) and e„_ 2 G Cent(C), hence {y 2 , • • • , y n -2,y n } Q R(£), and 
2/n-2 G Cent(C). Let us define and R Vn _ 1 - 

If [y„,j/i] ^ then [y n ,yi] G U 2 fc s +fc t . Therefore 2k s + k t £ {2k s ,k t ,k t + k s ,3k s } 
because k s ^ ^ k t and k s ^ kt. Moreover, it is evident that 2k s + kt 7^ k s , other- 
wise kt — —k s and this implies [y n ,yi] = Ayi with A^0, but it is a contradiction 
since [y n ,yi] G L 3 and y\ G L\. On the other hand we can assume 2k s + k t ^ mk s 
for 4 < m < n — 2, (otherwise we will obtain a contradiction of maximum length). 
As a result we can conclude that [y n ,yi] = 0. 

A similar study for [yi, y n -i], with 2 < i < n — 3 permits to prove that [yi, y n -i] = 
2 <i < ra-3, [y„,y„_i] = 0, [t/„-i,t/„_i] = and so 61(61 +a) = 61+61/3+7 = 0. 
Moreover, we have 

[y\,Vn-\] = S[y„_i,yi], 

[2/i,J/n-i] = h(h + a„_i6ia)e 2 + (*)e 3 H h (*)e„, 

[2/n-i, Vi] = (h + a)e 2 + (*)e 3 H h (*)e„. 
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it implies that b\ — 0, 7 = and B = j3 ^ 0. Thus a = 0. 

Finally we have found the family defined as: 

[ViiVi] = Vi+U 1 < i < n - 3 

[y n ^, Vl ] = By n , BeC\{0} 

[Vl,Vn-l] = Vn- 

Taking y' n = By n , the family M 2 > x is achieved, with A E C \ {0}. To get 
maximum length it is enough to consider the following graduation: 

C = V\ © V 2 © • • • © V n , where Vi =< yi > l<i<n. 

,1,(1 u a i ^aa,7+|1 + a n-ia a„~if3 + o n -l + «n-l7 \ 1 n 

3) If 1 + a n -\b\p + a„_i7 / A det , , f „ ^ 

, nix/- x / 7- ^ 61 +Q 1 + Mn-lP + a„_i7 y r 

By following similar arguments as in the previous cases, we obtain the maximum 
length family M 2 ' X , with A e C. 

Note that M 1,0 and M 2 ' A with A ^ are non isomorphic because dim(R(M ,0 )) 7^ 
dim(R(M 2,x )) . Analogously, M 1,0 ^ M 2,0 can be proved using change of basis and 
M 1 ' 1 9« Af 2,A with A e C because dim(l(M 1 ' 1 )) ^ dim(l(M 2 ' x )). 

□ 

Theorem 3.2. Let £ 6e an n-dimensional quasi-filiform non Lie Leibniz algebra 
of maximum length of the type II. Then the algebra £ is isomorphic to one algebra 
of the family 

= 2/2, 

M 3, a . J buVi] = 2/i+i, 3 < i < — 1, 
[2/1, 2/i] = -2/i+i, 4<i<n-l, 

,[2/3,2/3] = «2/6, a = if n> 6, a e {0, 1} if n = 6. 

Proof. Let {ei, ea, . . . , e„} be the basis used in the proposition [3TTJ In this case we 
have e4 ^ R(C). 

Let us consider two cases: 

• Case 1: Let n be even. ______ 

In this case we have the algebra NG1 and we are going to study its 
length. Analogously to the previous theorem, if n 7^ 6, then we obtain 
M 3,0 (which has maximum length) and if n — 6 the family of maximum 
length M 3 ' Q with a 6 C. 

• Case 2: Let n be odd. 

In the same way, when we study the length of NG2, we can prove that 
any maximum length algebra does not exist in this family. 

□ 

It remains to prove that if we consider the extension of naturally graded quasi- 
filiform Lie algebras, then we obtain Lie algebras too (see Theorem 13. 4p and their 
study of maximum length can be found in [10 . The next theorem and their corollary 
will be used to prove the Theorem 13.41 

Theorem 3.3. Let C be an n-dimensional Leibniz algebra and let {yo, y±, . . . , y n ~i\ 
be a basis. Let {j/o,2/i, ■ ■ • ,2/s} &e the generators of C If the following property is 
true [yi,yj] = — [Vj,y%\ for all yj € L, with <i < s, then £ is a Lie algebra. 
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Proof. It is enough to prove that the rest of the multiplication is antisymmetric, i.e., 
to prove that [yi, y m ] = — [y-m, Vi] where i, m £ {s + 1, . . . , n — 1}. Let us consider 
two steps 

• Step 1 : If y m — [yi , yj ] , where io,jo G {0, 1 , • • • , s} , then from the Leibniz 
identity and the hypothesis of the theorem we have: [yi,y m ] = ~[2/m,J/i] 
with < i < n — 1. 

• Step 2: If y m = [y p , y io ] with i e {0, 1, . . . , s} and p € {s + 1, . . . , n - 1}, 
then from the Leibniz identity, the hypothesis of the theorem and the step 
before we have: [yi, y m ] — — [y m , yt] with < i < n — 1. 

Note that yi is an arbitrary element of C. 



In order to make the proof of Theorem 13.41 easier, we will need the following 
corollaries. 

Corollary 3.1. Let C be an n- dimensional Leibniz algebra and B — {yo, yi, ■ ■ ■ , 
2M-i} a- basis. Let {yo, 2/1, • ■ • , 2/s} be the generators of C If B satisfies the following 
conditions: 



then L is a Lie algebra. 

Proof. We shall prove [yi, y m ] — — [y m , yi] with s + l<i<n — 1, which is directly 
obtained from the above theorem. 



Corollary 3.2. Let C be an n- dimensional Leibniz algebra and {yo,2/i, ■ • • ,2/n-i} 
a basis. Let {yo,yi} be the generators of C. If the following assertions are achieved 



then £ is a Lie algebra. 

Proof. It is sufficient to show the following products 

• Let us see [y\, yi] = —[yi, yi] with 2 < i < n — 2. 

Since 2 < i < n — 2, then we can write yi = [yo, J/i-i]- By using the Leibniz 
identity and the hypothesis of the corollary we have [yi,y,] = — [yi,y{\. 

• Let us see [y,-, y^] = -[yuVj] with 2 < i, j < n - 2. 
It is enough to apply the Corollary 13. II 



We are now in a position to prove that it is impossible to obtain a Leibniz 
non-Lie algebra of maximum length from the generalization of naturally graded 
quasi-filiform Lie algebras by using natural graduation. 



□ 



i) [vi>yj] = -[Vj,yi] s {o,i,..., s}, 

m) Vi = [ViotUi-i] s+l<i<n-l, 
Hi) [yi, y lQ ] = -[yi ,yi] 1 <io < s, s + l<i<n-l. 



□ 




i) [VuVj] = -[VhVi] Vi > j e {°) !}) 

. -\ J Vi = [yo,Vi-i] 2<i<n-l, 
I Un-i = [yi,y P ] 2<p<n-2. 



□ 



QUASI-FILIFORM LEIBNIZ ALGEBRAS OF MAXIMUM LENGTH. 



13 



Theorem 3.4. Every quasi-filiform Leibniz algebra obtained by natural graduation 
extension of naturally graded quasi-filiform Lie algebra is a Lie algebra. 

Proof. Since all of the above algebras are quasi- filiform, [xo,Xj] = x i+ i, where 
1 < i < n — 3, is satisfied. Then, when we extend them using natural graduations, 
it can be considered a new basis with the following generators: 

n-1 n— 1 n—2 

Xg xq -\- ^ ^ a^xi^ Xi X\ -\- ^ ^ bjXj, x u x n —\ -\- ^ ^ c^x^, 

and the following products are obtained: 

[x s ,x s ] = (*)x 3 H h (*)x n -i, 

[xt,x t ] = {*)x 3 H h (*)x n -i, 

[x u ,x u ] = (*)x 3 H h 

Moreover, we will only work with the products [x s ,x t ], [x s ,x u ] and [x t ,x u ], 
because [xi,X;] = —[xj,Xi] \fxi,Xj e L\. 

The generalization of that naturally graded quasi-filiform Lie algebras always 
verifies: 

[x ,Xi] = x i+1 + (*)x l+2 H h (*)x„_i, 

[xi,x ] = -x l+1 + (o)x l+2 H h (o)a;„_i. 

Then, if we take the products: 

[[x s , [x s , [x s ,x t }}} = (1 - aib )x i+ i + (*)x i+2 H h x„_i 

v ' 

i-times 

or 

[[x s ,.. . , [x 8 , [x s ,x u ]}} = (ci - c ai)x 4+ i + (*)x i+2 H h (*)a;„_i, 

s , ' 

i-times 

or 

[ [x s , [x s , [x u ,x t ]]} = (c - ci6 )xi+i + (*)x i+2 H h (*)a; n -i 

(i-l)-times 

with 2 < i < n — 4, the basis 6i can be constructed: 

h = {ya = x s , yi = x t , y { = [y ,2/i-i], 2 < i < n - 3, y„_ 2 =?, ZM-i =?} 
or 62 if there are three generators: 

h = {yo = x s , yi = x u , y n -i = x t , y t = [y , with 2 < i < n - 3, 2/„_ 2 =?} • 

From its very definition and taking into account property [xi,Xj] = — [xj,Xi] 
with Xi, Xj G L\ it can be affirmed [yi,yo] = — [2/Oi2/i] — — J/i+i with 2 < i < n — 3. 
Hence, it is enough to choose y n -2 and y n -i (when y n -i is not the generator) and 
to prove the corresponding corollary in each case. 

Let us study two main algebras which allow us to prove the other ones. 

The algebra L„_i © C. (Analogously for Q„_i © C ). 

If we consider the natural graduation L± =< xo,xi,x n -i > and Li —< Xi > 
for 2 < i < n — 2, then the generalization of L n -i is defined by: 
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[x ,Xi] = X i+ l + (*)x i+2 H h (*)x n _2, 

[xi,x ] = -x i+ i + (o)x i+2 H h (o)a; n _2, 

^[a!i,a; 3 -] = (*)x i+ j+i H h (*)a; n _2 (i, j) ^ (0, j), (i,0). 

Three cases can be considered by using the maximum length study: 



Case 1: If 1 ai b ^ 0. 

Let us take the basis b\ with y„_2 = [yoiVr, 



-3, Vn 



and its graduation of 



maximum length: V ks © V kt © Vfe t+fes © V kt+2 k 3 © • • • © V fet+( „_ 3)feii © F fe „. 

By the corollary 13 . 1 1 and the similar arguments to Theorem l3.ll we can conclude 
that the algebra is a Lie algebra. 

Case 2: If c ai — c\ ^ 0, 1 — ai&o = 0. 

Let us take the basis 62 with y n -2 — [yo, yn-3] ■ In order to prove that the algebra 
is a Lie algebra, it is sufficient to show that the hypotheses of Corollary [3J] are true. 
That is obtained by a similar argument to the previous one. 

Case 3: If Co — C1&0 7^ 0, coai — ci = 1 — ai6o = 0. 

This case is impossible. 



The algebra T( nj7l _ 3 y (Analogously for t^u-a))- 



The natural graduation of T( n ll _ 4 ) is formed by the subset L\ =< xq,x% >, 
Li =< Xi > with 2 < i < n — 4, L n s =< x n -3,x n -i > and L„_ 2 =< >. Its 
natural generalization is defined by the following products:: 



[x ,Xi\ = X i+ i + (*)x i+2 H h (*)x n -x, 

[x , X n ^i] = X„_ 3 + (*)lE n _2, 

[x ,x„_ 3 ] = x„_ 2 , 

[x i( xo] = -Xi+i + (*)x i+2 H h (*)x„_i 

[a;„_4,a;o] = -x n s + (*)x n _ 2 , 
[x„_ 3 ,a;o] = -x„_ 2 ) 
[x„_i,xi] 

[*^1 1 %n — l] — y 

[x^ cc„_3_»] = (— l)* _1 (a; n _3 + sc„_i) + (*)x„_ 2 , 

= (-l) l ( ;E n-3 +3f n -l) + (*)x n _ 2 , 

— 2 — i] ( l) 2 ^n — 2? 

f™ T 1 _ ( 1 \i n-2-2? 

L^n — 2— 15 "^ij V / 2 t0 n — 2i 

[Xi,Xj] = (*)x i+i+1 H h (*)x n _ 2 , 



1 < i < n - 5, 



1 < i < n — 5, 



2— *t o 
2 



1 < j < 
1 < i < 
1 < i < 
Ki< 
in other cases. 



2 A ' 

Tl — 4 

2 / ' 

Tl — 4 

n— 4 



We consider the basis 61. It follows from the independence of the generator of 
the basis that 1 — a\ bo ^ 0. 

We will need to choose y n -3, y n -2 and y n -i and to prove the hypotheses of 
Corollary 13. II We can consider two cases to choose these vectors. 

Case 1: If 1 + ^ 0, then y n _ 2 = [2/0,^-3] and y„_ x = [t/i,y„- 4 ] can be 

constructed. 

Case 2: If 1 + ai 2 ^ = 0, then y„_i = [yi, y„_ 4 ] and j/„_ 2 = [yo,2/n-l] can be 
constructed. 

We can use the same argument applied in the previous cases to prove that the 
hypotheses of Corollary 13. II are true, hence the algebra is a Lie algebra. 

□ 
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4. 4-DIMENSIONAL AND 5-DIMENSIONAL QUASI-FILIFORM LEIBNIZ ALGEBRAS OF 

MAXIMUM LENGTH 

In order to classify quasi-filiform Leibniz algebras of maximum length the di- 
mension n must be > 6. Consequently, in this section we will show the result of 
n = 4 and n = 5. We follow the same method as in the general case. 

Theorem 4.1. Let C be a 4- dimensional Leibniz algebra of maximum length, then 
C is isomorphic to one algebra of the following pairwise non isomorphic families: 



N 



l,a 



N 



[l/l,2/l] = 2/2, 
[2/3,2/l] = 2/4, 

.[2/1,2/3] = ay 4, 



a G C. 



[2/l,2/l] = 2/2, 
[2/1,2/3] = 2/4- 



Theorem 4.2. Let C be a 5-dimensional Leibniz algebra of maximum length, then 
£ is isomorphic to one algebra of the following pairwise non isomorphic families: 



M i,o . 

[2/i,2/i] = 2/5, 

< [2/4,2/l] = 2/2, 
,[2/2,2/l] = 2/3- 



M 2,A . 

[2/i,2/i] = 2/i+i, 

[2/4,2/l] = 2/5, 

,[2/1,2/4] = Ay 5 , 



1 < i < 2 



A e 



M 3,o . 

[2/i,2/i] = 2/2 
[2/i,2/i] = 2/i+i 
,[2/1,2/4] = -2/5 



3 < i < 4 



Let us remark that the previous theorems complete the study of Leibniz algebras 
of maximum length with nilindex up to n — 2 with n > 4. 
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